Chapter 7

Expectation-Maximization *

7.1 Overview

Expectation-maximization (EM) is a method for dealing with missing data/hidden variables. In other words,
part of the variables in the assumed model do not have associated data points. For example, for classification,
the complete data consists of the features  and labels y, as shown in the left panel of Figure 7.1. With a
probabilistic model for this data, we can find the parameters for each class through maximum likelihood,
where the log-likelihood function is
log p(z,y; 0),

where x = (x1,...,x,) and y = (y1,...,yn) and 6 represents the parameters of class-conditional distribu-
tions for each of the classes.

But what if the class labels are not given as in the right panel of Figure 7.17 The problem becomes more
difficult, but doesn’t seem hopeless as we can still distinguish two clusters and assign points to these with
various degrees of confidence.

3 3 @ o

®s o .z.. - .:. .' o
2 ’ | s T.:h. - ¢
1 11 ° Chiad ’.o.oh..

S T

-1

- -2 1

-2 0 2 4 -2 0 2 3

Figure 7.1: Data from two classes, with labels given as colors (left) and not given (right).

We thus formulate this problem as finding 6 that maximizes

logp(x; 0) =log > p(,y;6)
Yy

In this case, (x,y) is the complete data, for which computing the likelihood is easy, but a component of this
data, namely y, is missing. Now computing the likelihood is difficult because of the summation, which is
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Figure 7.2: The log-likelihood of the observation and consecutive EM lower bounds and estimates. In each
iteration, the current value of 6 is denoted by o and the new value by *. Here, 0(°) = 1, =1.5,02 =
2.04, = 2.472. Continuing in the same manner, we would obtain estimates 2.740, 2.880, 2.946, 2.976, . . .,

where 3 is the true maximum.

typically over a large number of possibilities. Expectation-maximization is a method for handling missing
data.

EM is an iterative method that given the current estimate for the parameter, finds a new estimate. The idea
behind EM is finding lower bounds on the log-likelihood of the observed data and maximizing these lower
bounds. This is illustrated in Figure 7.2 (see Example 7.1). Suppose our current estimate of 8 is 8’. In each
iteration, we find a lower bound B(6,0’) on logp(x; @) that coincides with it at 8 = 0’, i.e.,

logp(x; 0) > B(6,0"), for all @,

7.1
logp(x;0) = B(6,0'), for 0 =6'. (7.1)

Now let our new estimate be
0" = argmgxxB(G, 0').

Note that we have not used logp(z; 6) to find 6”. Since
logp(x,0") > B(0",0') > B(0',0') > logp(x,0'),
we have
log p(;0") > log p(x; 9").

So our new estimate is at least as good as the old one, and under certain conditions, it is going to be
strictly better. We then use 6” in place of 8’ and repeat. Note that if logp(x;0) is bounded, since the
sequence log p(x; 0') is non-decreasing, it will converge. Under appropriate conditions, this means that 6’
also converges to a stationary point of p(x;0). See [1] for details.

It remains to find a lower bound that satisfies (7.1). For any y such that p(y|z;0) > 0,

p(z,y;0)

£(0) =Inp(x;0) =In ol 0)
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Then, for any distribution ¢ for the missing data y,

06) = q(y) np(; 0)

» p(ylz; 0)
p(x,y;0)
p(z,y;0) )
qu(y)l (ol ) ;Q(y)l o(y]z:0)
—Z )np(z,y;0) — > a(y) lng(y),

where for two distribution p; and pa, D(p1(2)||p2(2)) is the relative entropy (also called the Kullback—Leibler
divergence or KL divergence) between p; and ps defined as

Zpl log ;

Relative entropy is a measure of dissimilarity between distributions and can be shown to be non-negative
and is equal to 0 if and only if p; = po.

Thus for any distribution g, we have a lower bound on £(). Suppose our current guess for 8 is 6*). We
would like this lower bound to be equal to £(0) at 6 = 0). For this to occur, we need

D(q(y)||p(y|.’1};0(t))) =0 < q(y) = p(y|z;0),
resulting in

Z (y|z; 0) Inp(x, y; 0) — Zp(y\ac;O(t))lnp(y|a:;0(t)) = B(6,6Y).
y Yy

Now instead of maximizing ¢, we can maximize B. We note however that the second term in B is not a
function of 8. So we instead define the following expectation

Q6,6") = " p(yla; 6V) Inp(z,y; 6),

Y

and find
0+ = arg max Q(0,0M).

For simplicity of notation, I often use 8’ to denote 8®*) and 6” to denote 8+, Also, let E' be expected
value assuming the value of 6. We can then describe the EM algorithm as

e The E-step:

Q(6:;0') = Zp ylz;6') Inp(x,y;0) = Ellnp(x,Y;0)|z;0'| = E'[Inp(x, Y; 0)|]

e The M-step:
7 !
0" = argmng(@, 0.

Update 6’ < 6” and repeat.

Roughly speaking, EM can be viewed as alternatively finding an estimate for the missing data through
expectation by assuming a value for the parameters (the E-step) and finding a new estimate for the parameter
based on the estimate of the data.
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7.2 Clustering with EM

For classification the complete data is {(x;,y;)}1 ;. When the labels y; are missing, the problem becomes
clustering.

We assume Gaussian class-conditionals:

p(Yi=1) =m, (x:]Y; = 1) ~ N (1, Kp)
p(YZZO)Zl_ﬂv (mZ‘Y;ZO)NN(MO>KO)

Let 8 = (m,po, p1, Ko, Ky). Ideally, we would want to maximize the likelihood for the observed data
{(i) i,
(6) = Inp(x}]6) =In Y _ p(x},y}'6).

But this is difficult to do because of a lack of an analytical solution due to the summation. Instead, we can
use a computational method such as EM.
We will proceed as follows:

e Set-up: It is helpful to start with the log-likelihood of the complete data and simplify it before
proceeding to the EM algorithm. We have

lnp :Blvyla Zlnl) wwyzv

and for each term in this sum,
Yi 1-y;
I p(ai, i3 0) = In(mp(ai]Y; = 1;0))" (1 — mp(a:]Y; = 0;6))" )
= y; In(rp(z;|Y; = 1;0)) + (1 — y;) In((1 — m)p(x:|Y; = 0;0)).

e The E-step: Let 0’ be the current estimate for 8 and let E' denote expected value operator with
respect to the distribution p(y|x;0’). We have

Q(8;8') = E'[lnp(x}, Y{"; 0)|x7]

Zlnp(a:i,Yi;O)a:?]

i=1

=

= E'lnp(a;,Y;; 0)|z;]
=1

And for each term in the sum,

E'[Inp(;, Yi; 0)|z:] = E'[Y; In(mp(a;]Y; = 1;0)) + (1 - ¥3) In((1 — m)p(;]Y; = 0;0))|a;]
— B [Yifa:] In(rp(|Y; = 1:0)) + E'[l — Yila,] In(1 — m)p(a; Y = 0;6))
=7i(Inm +Inp(x;|Y; = 1;0)) + (1 — ) (In(1 — 7) + In p(x;|Y; = 0;0)),
where
v = E¥ife
=p(Y; = 1|z;; ')
_ p(x;,Y; =1;0)
B p(xi, Y = 1;0') + p(x;, Y; = 0;0')
_ ' N (i; 13, K1)
N (@i, KY) A+ (L= 7N (s 1, K)
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Figure 7.3: EM clustering of a mixture of two Gaussian datasets. In (a) the raw data is shown and in (b-i),
steps of the EM algorithm are shown. To compare with the underlying distributions and clusters, the points
from each of the Gaussian distributions are shown with triangles and circles. However, the EM algorithm
does not have access to this data. The contour plots represent the current estimate for the parameters of each
of the Gaussian distributions and the color of each data point represents the estimate of the EM algorithm
for the probability that the point belongs to the clusters (v, = p(Y; = 1|z;;0’)). A video of the clustering
can be found here.
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Here, 7, has a significant meaning. It represents the probability that a given point @; belongs to class
1 given the current estimate of the parameters. Instead of computing the likelihood based on a known
value for y;, in the E-step, we compute the likelihood by partially assigning x; to class 1 and to class
0.

e The M-step: To find 7'":

oQ S % l-v " 27‘1—1 Y
on ;(ﬂ' 1—m T n

To find pf :
aafl 8i1 Z% Inp(a,|Y; = 1;6)
- 3%1 ivé(—;(wi — ) K (s — u1)>
o =0 = S
To find KY:

oQ 1 _ 1 T, _
KT oK 2%(21an11| - 5(%—#1) Kﬁ(ﬂ%—m))

= §K1 Z% ~5 Z’V;(wz — ) (i — pa)" =0
i=1 i=1

n T
2 i1 Vi@ — py) (i — p)
Z?:l ’77{
Several steps of an EM clustering of a dataset are shown in Figure 7.3. In essence, the EM algorithm uses the

current estimates of posterior class probabilities of a point as labels and updates the distributions. Having
updated the distributions, it updates the posterior class probabilities and repeats.

1
= Kj =

7.3 EM with general missing data **

So far, we have considered problems in which data can be divided into an observed component x and a
hidden component y, with the expectation given by

Q(6;6) = Zp y|z; 6') In p(a, y; 0)

But we can use EM to solve a more general class of problems, where this division may not be possible.
Specifically, we assume that the complete data is given by z and the observed data is given by x, where x is
a function of z. In this case, the expectation is given by

Q(6;0') = p(z|x; 6') Inp(0)

Example 7.1 ([1]). Let
T =S +E¢,
s ~N(0,0), 6>0
e~ N(0,0%) o? >0,
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where s and € are independent, ¢ is known, and 6 is unknown. Our goal is to estimate . In this case, the
complete data is z = (s, €) and observed data is © = s + €.

We can solve this problem directly by noting that
x~N(0,0+c?),
where we have used
Var(z) = Cov(s +¢,5 +¢) = 0% + 6.
The maximum likelihood estimate for the variance of x is then

p 22 —o? if 2% > o2,
ML = .
0 if 22 < o2.

With EM:
e The E-step:
Q(0;0') = E'[In p(2; 0)|«]

=E'[Inp(s;0) + Inp(e; 0)|z]
= E/[Inp(s; 6)|z]

o In@ s2
_E[ 2 20"

o E[?%]
2 260

e The M-step:

QR 1 E’ [sz\x]

%= 2wt o = 0= 0" =FE'[s?|z].

This is a very intuitive result.

With some manipulation (HW), this results in

o \? 0'c2
"o 2
0 _<9/+02>x+9/+02'

The plot for the log-likelihood and the EM estimates, starting from #(®) = 1, is given in Figure 7.2, where

02 = and z = 2 and thus éML:3. A

7.4 The MM Algorithm **

The idea behind the EM algorithm, i.e., finding a lower bound with certain properties, can be generalized,
leading to the Minorization-Maximization (MM) algorithm. Specifically, EM provides a certain way of finding
a lower bound, but if we find a lower bound by another method that still satisfies appropriate equality and
inequality conditions, we can still maximize the function we are interested in. We illustrate this by applying
MM to rank aggregation.
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7.4.1 Rank Aggregation from Pairwise Comparisons via MM

Rank aggregation refers to combining a set of full or partial rankings of a set of alternatives in order to obtain
a consensus ranking. For example, we may be interested in ranking sport teams based on match results. In
this case, the input data is a set of pairwise comparisons (i.e., a partial ranking involving two items) and the
desired output is a ranking of all the teams.

The data: There are n teams. We are given a dataset D = {w12, w13, ..., Wn—1,, }, Wwhere w;; is the number
of times team 7 beats team j. It will be helpful to assume w;; = 0 rather than leaving it undefined.

The model: For two teams 7 and j, we assume

. ) e
Pr(Z beatS ]) = m,
where s; is a score reflecting the strength of team i. Denote s = (s1,..., sp).

This leads to the log-likelihood
Z wij(s; = In(e™ + )

As an aside, note that for a differentiable convex function f(z), we have
fx) > f(a) + f'(2")(x - 2'), for all ',
f(x) = f(a) + f' (") (x — '), for 2’ = x.

Since —Inz is a convex function,

T —a

—Inz>—Ina’ —

Hence, if we define
’ ’ e’ 4 e%
4,J

then,

L(s) > Q(s,s), for all s,
L(s) =Q(s,s), for s = 5.

We can simplify @ by ignoring terms that do not involve s, and then separating the parameters (the latter

was not possible for £)
bl + eé]
=S5
esi —|— e’ ]
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Given the current estimate s’, we can now find the next estimate s” by differentiating @, and setting it equal
to 0,

o = S S o

7 7
Z esi 4 e°i
>; Wij
=lp—= 2

7 Z U}i]"l‘U)Ji.
J o810

/ s’
e i4e J

This allows us to estimate the scores s;. When convergence is achieved or after a set number of iterations,
we sort the scores and thus find a ranking of the n teams. [1]
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