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Abstract—Error-correcting codes for permutations have
received considerable attention in the past few years, especially in
applications of the rank modulation scheme for flash memories.
While codes over several metrics have been studied, such as the
Kendall 7, Ulam, and Hamming distances, no recent research has
been carried out for erasures and deletions over permutations.
In rank modulation, flash memory cells represent a permutation,
which is induced by their relative charge levels. We explore
problems that arise when some of the cells are either erased
or deleted. In each case, we study how these erasures and
deletions affect the information carried by the remaining cells.
In particular, we study models that are symbol-invariant, where
unaffected elements do not change their corresponding values
from those in the original permutation, or permutation-invariant,
where the remaining symbols are modified to form a new
permutation with fewer elements. Our main approach in tackling
these problems is to build upon the existing works of error-
correcting codes and leverage them in order to construct codes
in each model of deletions and erasures. The codes we develop
are in certain cases asymptotically optimal, while in other cases,
such as for codes in the Ulam distance, improve upon the state
of the art results.

Index Terms— Coding theory, flash memories, rank modulation
codes, permutation codes, deletion codes.

I. INTRODUCTION
LASH memory is the storage medium of choice in
portable consumer electronic applications, and high per-
formance solid-state drives (SSDs) are being introduced
into mobile computing, enterprise storage, data warehousing,
and data-intensive computing systems. The rapid increase
in the capacity of flash memories makes them attractive
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in these applications. However, the capacity increase of
these technologies presents major challenges in the areas
of device reliability and endurance. These challenges can
be overcome through innovative coding and data handling
techniques.

Flash memories are comprised of blocks of cells. Each cell
can store one or more bits of information. For example, a
typical block in current flash memories contains about one
million cells. The number of levels per cell is a fixed value that
varies between 2 and 16 in current technologies. One of the
main challenges in flash memories is to exactly program each
cell to its target level. In order to overcome this difficulty, rank
modulation codes were proposed and studied in [11]. In this
setup, the information is carried by the relative values between
the cells rather than by their absolute levels. Thus, every group
of cells induces a permutation, which is derived by the ranking
of the level of each cell in the group. Shortly after the work
in [11], several papers explored codes which correct errors in
permutations specifically for the rank modulation scheme; see
e.g., [1]1, [4], [8], [12], [26]. These works include different
metrics such as Kendall 7, Ulam, and Hamming distances.
However, none of these papers studied the setup where cells
in the permutations are either deleted or erased. The goal of
the present work is to establish the foundations and present
results for these faulty mechanisms.

The paradigms we explore are derived from a hardware
implementation of the modulation process in rank modula-
tion codes [14], [15], [20]. In particular, while reading and
comparing between the levels of the cells, it may happen
that some cells are corrupted and thus cannot be read cor-
rectly. This leads to erasures in the case where the locations
of the corrupted cells are known, and deletions otherwise.
Furthermore, the missing information about the corrupted cells
may or may not affect the values of the other cells. We provide
more detail below.

Assume that a permutation z is stored in the flash memory
cells. Depending on the read mechanism, while reading =,
some of the cells could be interpreted as erasures, or, alter-
natively, as deletions. In traditional models, each symbol is
affected by such errors independently; however, when using
permutations, erasures and deletions can potentially affect
the other symbols as well. To simplify our discussion, we
assume for now that only one symbol is either erased or
deleted. We consider four different models, which correspond
to two choices of characteristics: first, erasure or deletion:
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whether the location of the lost cell is known or not known,
and, second, symbol invariance or permutation invariance:
whether the other symbols cannot be changed or may be
changed as a result of the erasure/deletion. We enumerate
these models as follows and provide an example of each.
Suppose that the stored permutation is (5, 3, 2,4, 1) and the
third symbol (that is, 2) is affected by one of the four types
of errors. For each of the four error models, we provide the
resulting output.

1) Symbol-invariant erasure (SIE): (5, 3,?,4, 1),

2) Permutation-invariant erasure (PIE): (4,2,7?,3, 1),

3) Symbol-invariant deletion (SID): (5, 3,4, 1),

4) Permutation-invariant deletion (PID): (4,2, 3, 1).

Note the reasoning underlying the “symbol-invariant” and
“permutation-invariant” terminology: In the case of symbol
invariance, only the affected symbol is changed, but, as a
result, the remaining symbols no longer form a permutation
over {1,2,...,n'}, where n’ is the number of available ele-
ments. Meanwhile, in the case of permutation invariance, the
other symbols are affected so that the (non-erased) symbols
continue to form a permutation.

Our main contribution in the first three models of era-
sures and deletions is to first identify an existing distance
metric for permutations that will provide codes in the cor-
responding model. We then introduce suitable codes in this
model. In particular, we show that codes based upon the
Hamming distance can be used to correct symbol-invariant
erasures (SIEs). We also show that the models of permutation-
invariant erasures (PIEs) and symbol-invariant deletions (SIDs)
are equivalent and that codes designed for the Ulam distance
can be used in these setups. For the fourth model, we intro-
duce an asymptotically optimal single PID-correcting code
construction.

To the best of our knowledge, the research on codes
combating errors defined using the proposed models is very
limited. We could only specify the paper by Levenshtein [19]
which falls under the SID model and the follow up works
in [24] and [25]. These works contained explicit constructions
only for the case of a single SID. In [17], deletion-correcting
codes capable of correcting a large number of deletions were
studied. In particular, the work in [17] considers codes of
length n capable of correcting ¢ deletions where the quantity
n —t is a constant. In this work, we focus on SID correcting
codes capable of correcting a small number of deletions
(greater than one).

The rest of the paper is organized as follows. In Section II,
we formally define the erasure and deletion models studied in
the paper and review the Hamming and Ulam distances for per-
mutations. In Section III, we show how to use existing codes in
these three distance metrics in order to construct codes for the
proposed erasure and deletion models. In Section IV, we give
a construction of codes in the Ulam distance, corresponding
to the second and third models, which improves upon the
best known codes. Afterwards, we focus on the fourth and
most challenging model, dealing with permutation-invariant
deletions. Section V considers some simple properties of PIDs.
In Section VI, we derive an upper bound on the maximum
cardinality of a code which can correct a single PID.

In Section VII we give a construction for such a code which
is asymptotically optimal.

II. DEFINITIONS AND PRELIMINARIES

Let S,, denote the set of all n! permutations of n elements,
chosen to be {1,2,...,n}. We use the vector notation to
denote a permutation 7 = (x1, 72, ..., 7,). Given some per-
mutation 7 = (71, 72,...,7Ty) € S,, its inverse permutation
szl = (nfl,ngl, e, 7[,,’1), where 7[171 is the location of
the element i in z. For example, for 7 = (6, 1,3,2,5,4) we
have 7! = (2,4,3,6,5,1). The set {1,...,n} is denoted
by [n], and for two positive integers a < b, the set {a, ..., b}
is denoted by [a,b]. We denote the concatenation of two
sequences x, y by (x, y).

We now formally define the four models of symbol-
invariant/permutation-invariant erasures and deletions. For a
permutation 7 = (71,...,7,) € S,, and a set of positions
I C [n], (1) is the set #(I) = {x; : i € I}. For an integer
a € [n] and a subset J C [n], the integer a(J) € [n] is defined
asa(J)=a—|{ieJ:i <al}l

As an analogy, if a is the finishing position of a runner
in a race, and those runners finishing in positions given by
set J are disqualified, a(J) is the new finishing position of
the original runner. For example, assume 7 = (6, 1, 3, 2, 5, 4)
and I = {1,4,5}, so that z (1) = {6, 2,5}. We take a = 73
and J = z(I) in the above definition yielding z3(z (1)) =
3(x({1,4,5})) =3(6,2,5})) =3—-1=2.

Definition 1: Assume that 1 = (xy,...,T,) Is a permu-
tation in S, and I C {1,...,n} is a positions set of size
t (0 <t < n). We consider the following four models of
erasures and deletions:

1) Symbol-Invariant Erasure (SIE): The permutation ©
suffered t symbol-invariant erasures in the positions
set I, resulting in the vector n' = (n{, ..., ), if

a) foralliel, n/ =", and
b) foralli e [n]\1, n] = m,.

2) Permutation-Invariant Erasure (PIE): The permutation
7t suffered t permutation-invariant erasures in the posi-
tions set I, resulting in the vector n’ = (wy,...,x,),
if

a) foralliel, n/ =7, and
b) foralli € [n]\1, n] = m;(zx(])).

3) Symbol-Invariant Deletion (SID): The permutation ©
suffered t symbol-invariant deletions in the positions
set 1, resulting in the vector 1’ = (x],...,x)_,), if!
forall k € [n)\ I and i =k(I), n] = my.

4) Permutation-Invariant Deletion (PID): The permu-
tation w suffered t permutation-invariant deletions
in the positions set I, resulting in the permutation
n' = (xy,...,m,_;) € Sy_y, if for all k € [n]\ I and
i =k(I), n] = mp(z (1))

A code C C S, is called a t-SIE/PIE/SID/PID-correcting
code if it can correct up to t SIEs/PIEs/SIDs/PIDs,
respectively.

The next example illustrates these four models.

INote that for kj # kp, we have ki (I) # ko (I).



138 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 62, NO. 1, JANUARY 2016

Example 2: 1Let = = (6,1,3,2,5,4) € S¢ and
I = {1, 4,5}, so that there are three errors. Then, the following
vectors are the received ones for each model:

1) Symbol-Invariant Erasures: 7’ = (2, 1, 3,2, 2, 4).

2) Permutation-Invariant Erasures: z’ = (2, 1,2, ?, 2, 3).

3) Symbol-Invariant Deletions: 7’ = (1, 3, 4).

4) Permutation-Invariant Deletions: 7" = (1, 2, 3).

Note that, of the four models, the errors in the first model
in Definition 1 are the easiest to handle and those in the last
model are the hardest with respect to the amount of informa-
tion that is lost. We continue by reviewing the Hamming and
Ulam distances.

The Hamming distance between two permutations =,
o € Sy, denoted by dg(xw, o), is defined as the number of
positions for which # and o differ. For two permutations
w,0 € Sy, let {(n,0) be the length of a longest common
subsequence of 7 and ¢. The Ulam distance between n and
o is defined as dy(w,0) = n — £(x, o), see also [2], [5], [8].

Example 3: Let # = (4,3,1,2,5) and ¢ = (4,3,5,1,2).
Then dg(w,0) =3 and dy(w,0) = 1.

The minimum distance of a code, according to any metric,
is the minimum distance between any two distinct codewords
in the code. For a code C C S,,, its minimum Hamming and
Ulam distances are denoted by dy (C) and dy (C), respectively.

III. CoDES FROM EXISTING CODES IN OTHER METRICS

In this section we present codes for the erasure and deletion
models defined in Section II. In particular, we show how
existing codes in the Hamming and Ulam distances can be
used for these models.

Let us start with symbol-invariant erasures. First notice that
if only a single SIE occurred then it is immediate to complete
the missing symbol since its position is marked by ‘?° and
its value is the missing element in the permutation. Thus, the
code C = §, is a single SIE-correcting code. For more than
a single SIE, we show in the next theorem that codes in the
Hamming distance are necessary and sufficient.

Theorem 4: A code C C S, is a t-SIE-correcting code if
and only if dg(C) >t + 1.

Proof: We show that if dg(C) > ¢t + 1 then C is a
t-SIE-correcting code by proving the contrapositive. Assume
that C has minimum distance dy(C) > ¢t + 1 but is not a
t-SIE-correcting code. Thus, there are two permutations
w,o0 € C and two positions sets I, [» C [n], each of size
at most 7, such that if 7’ is the result of SIEs in the positions
set I} in © and ¢’ is the result of SIEs in the positions set
I in o, then n’ = ¢’. First notice that I; = I,. Otherwise,
assume without loss of generality that there exists i € I\, so
we get 7/ = ? and ¢/ # ?, which is a contradiction. Hence, we
candenote Iy = I = I and |I| < t. Then we get that for every
i €[nI\I, m; =n] =0/ =0y, and thus dy(z,0) < |I| <t.
However, we assumed that dg(C) >t + 1, a contradiction.

Now, for the second direction, assume that C is a
t-SIE-correcting code. We view C as a code in [n]" so that
its minimum Hamming distance has to be at least ¢ + 1, as
desired. [ |

We next move to the models of PIEs and SIDs. Note
that with PIEs the locations are known but the values are

not known, while with SIDs the values are known while the
locations are unknown.

The next lemma establishes the surprising fact that the two
models are equivalent. Let # = (xq, ..., 7,;) be a permutation
in S,. Suppose 7 suffered r PIEs in the positions set 1.
We denote the result by the length-n vector z" = (n1, ..., 7).
With a slight abuse of notation, we denote by n},‘,lE =
(ﬂ{_l, e ﬂ,;j) the length-(n — t) vector which specifies the
locations of the (n — t) non-erased symbols in z’. Similarly,
if = suffered ¢+ SIDs in the positions set I, let the length-
(n —1) vector t’ = (n1, ..., m,_,) be the resulting sequence.
We denote by néﬁ) = (ﬂ{_l, ..., m)~1) the length-n vector
which specifies the locations of the symbols [n] in 7/, where
a ‘?” indicates that the symbol does not appear in 7’

The preceding definitions allow us to use the concept of
permutation inverse for sequences that may not be per-
mutations in S,. For example, if # = (4,3,5,1,2) and
two PIEs occurred in the second and fourth positions, then
' =(2,23,2,1)and n},‘,lE = (5, 1, 3). If two SIDs occurred
in the second and fourth positions of 7, then z’ = (4,5, 2),
and 75,7, = (23,2, 1,2).

Lemma 5: If n’ is the result of t PIEs over a permuta-
tion © € S,, then ﬂ},_llE is the result of t SIDs over the
permutation ©~'. If ©' is the result of t SIDs over a per-
mutation © € S, then ng_llD is the result of t PIEs over the
permutation &\

Proof: For the first claim, let 7' be the result of  PIEs in 7
given by the positions set /. We note that for every k € [n]\ 1,
m; = m(m (1)) and hence the location of i € [n —¢] in «’
is the location of the symbol k; in 7 such that i = k;(z (1)).
Therefore, for n},‘,lE = (7[{_1, ..., 7)), we have that for

l./_l = ﬂ,;I, where i = k;(x(I)). Therefore,
T }TIIE is the vector resulting from 7 ~! suffering ¢ SIDs in the
positions set 7 (7).

To prove the second claim, assume that 7 suffered # SIDs in
the positions set /, resulting in the vector 7’ = (z{, ..., 7, _,),
such that for i € [n — ], #] = =y, where i = k;(I). Let

—1 —1 !
rgp= @ ...

ien—tl,

, w,~1) be as defined previously. That is, for
i ex(I)have 7]"' = 2 and fori ¢ z (1), z/' = z;'(I), or,
since 7~ (z () = I, ni/_l = ﬂi_l(ﬂ_l(ﬂ(l))). Hence, the
vector ﬂé?;) equals the vector resulting from 7z ! suffering ¢
PIEs in the positions set 7 (1). ]

As aresult of Lemma 5 we conclude the following corollary.

Corollary 6: There exists a t-PIE-correcting code of cardi-
nality M if and only if there exists a t-SID-correcting code of
cardinality M.

To complete this discussion we only need to consider codes
in one of these two models. We will show how codes in the
Ulam distance are necessary and sufficient for codes in the SID
model. The following property was stated by Levenshtein [19]
but we prove it here for the completeness of the results in the
paper.

Theorem 7: A code C < S, is a t-SID-correcting code if
and only if dy(C) >t + 1.

Proof: We first show that if C is a ¢-SID-correcting
code then dy(C) > t + 1. Assume on the contrary that C is
t-SID-correcting but that dy(C) < t. Let 7,06 € C be such
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that dy(zr,0) = ' < t. Hence, # and o have a common
subsequence of length £(x,0) = n—dy(x,0) = n—t' > n—t.
Let S be the set of symbols in this common subsequence. Let
I be the positions set of the symbols [#]\ S in 7z and similarly
let I, be the positions set of the symbols [n] \ S in ¢. Then,
if £’ is the result of ¢ SIDs in z in the positions set I; and
o’ is the result of # SIDs in ¢ in the positions set I, with
t < t, we get that 7’ = ¢’. Therefore, the code C is not a
t-SID-correcting code, which is a contradiction.

Next we prove the other direction. Assume that C is not
a t-SID-correcting code but that dyy(C) > t + 1. Thus, there
exist two distinct permutations 7,6 € C and two positions
sets I1, I, C [n], each of size at most ¢, such that if 7’
the result of SIDs in the positions set /1 in 7 and ¢’ is the
result of SIDs in the positions set I in o, then 7’ = ¢'. First

we have that |I;| = |I»| and since 7’ = ¢’, # and ¢ have a
common subsequence of length n — |I1| > n — t. Therefore,
dy(r,0) <n—(n—t)=t, acontradiction. [ |

In the next section, we introduce novel constructions of
codes correcting PIEs and SIDs.

IV. NEw CODES CORRECTING PIEs/SIDs

The purpose of this section is to present novel codes
correcting permutation-invariant erasures or symbol-invariant
deletions. Recall that according to Lemma 5 and Theorem 7,
correcting either class of errors is equivalent to correcting
errors in the Ulam metric. For this reason, our proposed codes
will target this metric. We begin by introducing some notation,
tools, and codes in subsection IV-A. We build on these
results to introduce the main construction in subsection IV-B.
In subsection IV-C, we comment on how the proposed con-
struction improves upon the state of the art codes for the Ulam
metric given in [8] in the case where the Ulam distance is
at most 6. For ease of presentation, in the remainder in this
section we use the terms deletion and PID (erasure and SIE,
respectively) interchangeably.

A. Notation and Location-Correcting Auxiliary Code

For a sequence x with elements from the set [n] U {?}
and for s € [n], let D(x,s) be the result of removing all
occurrences” of the symbol s in x. If s is not contained in x,
then D(x,s) = x. More generally, for Z C [n], D(x,7)
is the result of removing all symbols from Z in x. (Note
that we use cursive for set Z containing the symbols to be
deleted and regular case for the set / containing the locations
of symbols to be deleted.) For Z' C [n], let 6 = Er(x,Z") be
the result of substituting each of the elements of Z’ in x with
the symbol ‘?°.

Next, we introduce the first of several auxiliary codes
needed for our new construction. In order to distinguish
between the different auxiliary codes, we label them with a
superscript based on a code attribute. As the following code
can determine the locations of deletions (given that these
locations satisfy a certain constraint to be explained later),

2Note that here, x is not a permutation over S, but rather a sequence over
[n] U {7}, so that there may be several occurrences of a particular symbol.

we refer to it by CL. For the remainder of this section, we
assume that n, ¢ are positive integers where n > ¢ and {|n.
We define

Cly=1{m €Sy:i€[nl,m =i—1(modl)}.

For example, # = (3,4,2,6,1,5) € C36 For ¢ =
(61,...,0n) € Sy, the vector o (modf) = (01,... a,) is
defined by o/ = ¢;(mod¢) for i € [n]. Thus, for any code-
word 7 € Cén, the vector 7 (mod<¢) is a periodic sequence of
length n and period ¢ where each period is (0,...,¢—1).

We now describe a decoding map Dg , and an associated
algorithm for the code C . This algorlthm inserts ‘?” symbols
into ¢ so that in the resultlng vector, for each i, if the element
at position i is nota ‘?’, then it equals i — 1 modulo £. Suppose
that 7 € CgLn is the stored codeword and ¢ is the retrieved
word, where ¢ = = D(n,T) with Z C [n], |Z]| =t < n. The
input to DL," iso.

1) Initialize j = 0 and let ¢V = (g, 0).

2) Let j=j+1.

3) Let i be the smallest element in [n —t + j] such that

(j) # i — 1(mod¢) and 0( # 2. If no such symbol
ex1sts go to step 5).

4) Let 0U*D be the result of inserting the symbol ?” into
o) at position i j- Go to step 2).

5) Define 7 = (a(j) ,E])Iﬂ -
We illustrate the decodlng map Dé‘n with the following
example.

Example 8: Suppose n = 12 and ¢ = 3 and let
r=@,7,59,1,8,6,4,2,12,10,11) € C3L’12,
and let Z = {1, 3, 8, 11}. Then,
oc=D(,7)=(7,5,9,6,4,2,12,10).
Then, according to step 1), we have
oM =(7,5,9,6,4,2,12, 10, 0).
Next, continuing the process, we have that

c® =(7,5,9,6,4,2,12,10,0),
c® =(,7,5,9,2,6,4,2,12, 10,0),
c® =(2,7,5,9,2,26,4,2,12,10,0),
c® =(,7,5,9,76,4,2,12,10,2,0),

and, finally,

T=0,7597"226,4,2,12,10,7).

Let Consec(w,Z,{) be equal to 1 if there exists a
subset of ¢ symbols from Z that appear consecutively in z.
Otherwise, Consec(n,Z,{) = 0. If Consec(x,Z,{) = 1,
then let Ly(w,Z) be the set of symbols that constitute
the first occurrence of a subset of ¢ symbols from 7
that appear consecutively in z. If Consec(n,Z,{) = O,
then let L;(m,Z) = . For example, let # be as in
Example 8, then, Consec(n,{3,7,5,8,6,4},3) 1 and
L3(n,{3,7,5,8,6,4}) = {3,5,7}.

Let x be a sequence with symbols from [n]U{?} and let |x|
denote the length of x. The following claim follows directly
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from the definition of the map Dﬁn. Recall that the operation
Er(z,T) substitutes each of the elements of Z present in «
with the symbol ‘7.

Claim 9: For positive integers n,{, suppose m & C(,L
T C [n), and 0 = D(x, D). If Consec(n Z,0) =0, then
Dg‘,n(a) = Er(n,Z). Otherwise, ID&n(a)I <n—f < || =n.

Claim 9, in other words, states that if a certain constraint
(that is, longest maximal substring deleted from z has length
less than ¢) is met, then the output of D;’ ,, 1s @ with symbols
of 7 replaced by ‘?’s. Otherwise, the algorithm returns a
sequence with length shorter than the length of «.

The decoding map can only fail to place elements in their
proper positions if consecutive elements corresponding to
entire periods of length ¢ are deleted. As a result, we note that
the output sequence must have length n — k¢ for some k > 0.
In particular, if the number of deletions is smaller than 2¢, the
output sequence must have length n if Consec(z,Z,¢) = 0
and length n — ¢ if Consec(n,Z,€) = 1.

This concludes the analysis of the location-correcting
code Cf,. We will rely on Cf, as a building block for our
novel code construction in the following.

B. Code Construction

We begin by giving two more auxiliary codes. The first
code, which we call Cf/ C S,/, can correct a single SID. The

superscript E in C f, refers to the fact that C lf: has a prescribed
edit or deletion distance. In particular, C 5 can correct a single
insertion or deletion. A construction of such a code and an
associated decoder Df were given in [19].

The decoder le, operates as follows. Recall that the oper-
ation D(x,s) removes the element s from 7. Suppose 0 =
D(z,s), where & € Cf,. The output of Df (o) is the ordered
triplet (s, s’,s”) where s is the symbol deleted from 7 to
obtain o, s’ is the symbol immediately before s in 7z, and s”
is the symbol immediately after s in 7. If s is the final symbol
in 7, then s” = 0 and similarly if s is the first symbol in 7z,
then s’ = 0.

The second code CH C S, has minimum Hamming
distance d. The structure of the code CH C S, will be
described in more detail in Section IV-C. For the next sub-
section, we only require that Cf,n has minimum Hamming
distance d.

Using the three auxiliary codes, we now present a code
capable of correcting 2¢ — 1 SIDs. The idea is to constrain
our codewords (or certain functions of our codewords) to
simultaneously be members of each of the codes Cf e Cf/f,
and C3 r—2.n Below, we explain the intuition behind this idea,
and follow up by providing more detail later on in this
section.

Our goal is to correct up to 2¢ — 1 SIDs. We first identify
the locations of the deletions. If fewer than £ of the deletions
are consecutive, we can correctly identify their locations
with DL If ¢ or more of the deletions are consecutive, we
look to 1dent1fy the location of the first element of the con-
secutive deletions with Dn e Doing so allows us to fix all the
remaining deletion locations. Once these locations have been
determined, we can treat the deletions as erasures, which can

be corrected by the decoder of the third (Hamming metric)
code.

For a permutation 7 € S, and an integer 0 < i < ¢ — 1,
let Re(m,i) be the subsequence of 7 that only contains the
symbols from the set {s € [n] : s = i(mod¢)}. (The notation
R refers to the fact that we restrict 7 to elements congruent
to i modulo ¢.) For shorthand, denote {1,2,...,n} as [n].
For positive integers m, n, k, and x € [n]", let (x — k)/¢ =
(Y1, ..., ym) be such that for i € [m], y; = [(x; — k)/¢].
We introduce the code CZUé’,n’ where U refers to the Ulam
metric.

Construction 10: For positive integers n, £ where n > £ and

{|n, let Cé’an C S, be the code consisting of all permutations
7 €S, that satisfy the following conditions:

1) = € Cf e

2) (Re(m,i)—i)/teCE, for0<i<(—1,and

n/t

3) mely_ 2n°

We show that the code C%, , can recover from up to any
m = 2¢{ — 1 SIDs (or, equlvalently, that it has Ulam distance
at least 2¢.) Suppose 0 = D(x,T) € [n]"™™ where T C [n],
[Z| =m, and & € CJ .

We detail the decoding procedure. We begin by computing
Consec(n,Z,?). According to Claim 9, D ', can determine
the locations of all the deletions unless Consec(r, Z, ) =1.
Recall that if Consec(z,Z,{) = 1, then a substring of length
at least ¢ is deleted from 7 and DL returns a vector of length
less than #. In this case, the decoder DE n/t is used to determine
the location where the substring (of length at least £) was
deleted from z. The locations of any remaining deletions are
discovered with a further application of DL Now, in either
case, the deletion locations are known, so that we may treat
them as erasures. Using D3€—2,n’ the values of the deleted
symbols are recovered.

Next, we formally define the decoding procedure. We refer
to the decoding map for Cgf’n as Dg(jn "™ — S,. The
input to the map is ¢ and the output is an estimate 7 of the
codeword 7 € Cg[,n. The decoder is presented in Algorithm 1,
where we use the following notation. Let s/, s” € [0, n] and
o € [n]"™™ be a vector. We define o[s’,s”] as follows.
If s' = 0, then o[s’,s"] is the set of symbols that appear
before the symbol s” in ¢. Similarly, if s” = 0, then o[s’, s”]
is the set of symbols that appear after the symbol s" in o.
Lastly, if s’,s” > 0, o[s/, s”'] refers to the set of symbols in ¢
that are between the symbols s’, s”, exclusive.

Theorem 11: The code Czlé,n has Ulam distance at least 2¢.

Proof: Let m be a permutation in Cgf’n affected by
deletions of elements given by the set Z. The result is proven
by showing that if Z has size no more than 2¢ — 1, the output
7 of Algorithm 1 equals 7. In this proof, let B = L/(x, 7).
In step 1, we compute Df;,n(a). The output of step 2 has two
possibilities.

In the first case, suppose that at step 2 we have lo M| = n.
Then, from Claim 9, we have o = Er(z,7) and B = 0.
In step 10, since # belongs to a code with minimum Hamming
distance 3¢ — 2, and |Z]| = 2€ — 1 < 3¢ — 2, the values of the
deleted symbols can be recovered. Thus, when |a(1)| =n, we
have that 7 = «.
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Algorithm 1 DY, : [n]"™" — S,

input : the retrieved permutation ¢ = D(x,7)
output: estimate 7 of «

16 «— Df (0);

2 if |0V = n then

3| 0@ o,

4 else

5 | k«<—min{x € Z¢ : |R¢(o,x)| = 7 — 1};
(s.5',5") < DE, ((Re(0, k) — k) /0):
S=o[-s+k, ¢ 5" +k;

6 | 0@ «— D(,S);

7 | 6@ «— result of inserting € - s + k between € - s' +k
and €-s” +k in 0 @;

8 | 0@ «—— D;’n(aa));

9 end

0wz <«—DI , (@)

Next we have the case that |0(1)| = n — {, which, as
seen from our previous discussion, is the only possibility if
lo (D] # n and there are fewer than 2¢ deletions. Since
out of the (at most) 2¢ — 1 deleted symbols, the £ symbols
of B are consecutive in 7, each element of B belongs to a
distinct equivalence class modulo £. There are up to £ — 1
other deleted symbols so that, since there are £ equivalence
classes modulo ¢, there exists an equivalence class modulo ¢
with precisely one deleted symbol. Hence, there exists k such
that |R¢(o,k)| = 7 — 1 (the algorithm arbitrarily picks the
smallest possible value for k in step 5). The deleted symbol
from R/ (m, k), that is the only deleted symbol that is equal to
k(mod?t), is £ - s + k, where (s,s’,s”) = Df/f(w)'
For simpliciy of presentation, in the algorithm and in this
discussion we ignore the possibility that s = 0 or s” = 0;
these cases can be handled similarly.

Since the ¢ symbols of B are consecutive in 7, there is one
element of B that is equal to k(mod¢). But since € -s + k is
the only deleted element from 7z that is equal to £k modulo ¢,
we have ¢ - s + k € B. This in turn implies that the symbols
of B are located between the symbol £ -s' +k and the symbol
¢-s”" +kin . So the size of the set S in step 5 is at most
(2¢ —1)—¢ =¢—1, where 2¢ — 1 is the number of symbols
between £ -5’ +k and € -s” +k in = and ¢ is the number of
symbols in B. Hence, 6P| =n —|Z| — |S| < n — (3¢ —2).

In step 7 of the algorithm, £ -s 4 k is inserted in its correct
position. So now there are at most 3¢ — 3 elements missing
from ¢ ® compared to 7. In other words, there is a set Z' such
that 0 ® = D(x,7), where |Z'| < 3¢—3. Since £-s+k ¢ T/,
we have Consec(m,Z’,¢) = 0. Hence, by Claim 9, oW =
Er(z,T') at step 10. The decoder Dz’—z,n can recover 7 from
@ in step 12 since |Z’| < 3¢—3 and the minimum Hamming
distance of the code Cgf’n is 3¢ — 2. ]

We illustrate Algorithm 1 with the following example.

Example 12: Take = = (9,7,8,6,1,11,3,10,2,12,
4,5 € C¢;, and ¢ = 3. Suppose ¢ = D(z,I) =

(9,7,11,3,2,12,5) (the elements that were deleted to

produce D(z,Z) are labeled in 7z in bold) where
7 = {1,4,6,8,10}. We will show that, if Algorithm 1 is
invoked with ¢ as input, then 7 = x.

At step 1, we have () = (9,7,11,3,?,2,12,7,5). Note
that one modulo 3 period has not been recovered. Then,
since [cM| = 9 < 12, we proceed to step 5. At step 3,
k = 0 since |R3(c,0)] = ](9,3,12)] = 4 — 1. Then
at step 6, the input to the decoder Df is (3,1,4) and
the output is (s,s’,s”) = (2,3,1). At step 7, the set
S = 0[9,3] = (7,11). Notice that |S| = 2 in this case.
After the elements from the set S are removed from o, at
step 8 we have c@ = 9, 3,2,12,5). At step 9, we insert
the symbol 6 into ¢® giving that @ = (9,6, 3,2, 12, 5).
Atstep 10,6 = (9,72,2,6,2,?,3,2,2,12,2,5). Since there
are 6 total erasures and D;{ 12 is the decoder for a code with
Hamming distance 7, the output of D%Z at step 12 will be
T=0,7,8,6,1,11,3,10,2,12,4,5) = m as desired.

In the following subsection, we consider the size of a
code created according to Construction 10 and compare
the cardinalities of our codes to those of the codes
from [8].

C. The Cardinality of Cg[,n

In this subsection, we consider the size of a code Céjg 0
In order to do so, we consider in more details the con-
straints a permutation 7 must satisfy to be a codeword
incY .

20,n

We first revisit a mapping, referred to as the signature,
which was used in [24] to construct single-deletion-correcting
codes over non-binary vectors. Let m > 2 be an integer. For
y € [m]", define the binary length-(n — 1) signature a(y) =

(a(¥)1,...,0(y)n—1) as follows. For 1 <i <n—1,
L, if yiv1 2 yi.
o(y)i = 1
)i {O, otherwise. M

The following is well-known.

Theorem 13 (See [19], [24]): For a € Zy, the code

n—1

L, Tp) €Syt Zia(n)i =a mod n}

i=1

C, ={m =(m1,..

can correct a single SID.

In the following we assume ¢ is an integer and n + 1
an odd prime, where £|n. Recall that Cgf,n C Cfl‘,n. We will
introduce a set of constraints that will partition the set
C({‘,n into a number of subsets, each of which will be
shown to satisfy the second and third properties required
by the construction of ng’n. Then, we will apply the
pigeonhole principle to lower bound the maximal cardinality

of Cg[ 0
The constraints we introduce will partition the codewords
w = (x1,...,m) € CF, into (n+ 1)373 (%)g sets. The con-

straints will be specified by the vector a = (ay, az, ..., az¢—3,
aze—2,...,a4¢—3) where for 1 <i <3(—3,a; € GF(n+1)
and for 3¢ — 2 < i < 4¢ — 3, a; € Zyse. Specifically, the
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constraints we introduce are
n
a = E i,
i=1
n
a = E i,
i=1

30—4
as-3 = z

n/(’fl

a2 = D i-a(Re(m,i)/0);,
i=1
: n/t—1
a3 = D i-a((Re(x,i)— (L= 1)/0),

i=1

where the operations in the first 3¢ — 3 equations take place
over the field GF(n + 1) and the operations in the last ¢
equations are over Zjys. We refer to the set of sequences
satisfying the constraints corresponding to vector a by C¥.

For any choice of a, notice that the first 3¢ — 3 equations
written above generate a Vandermonde matrix which is full
rank over G F (n+ 1). Therefore, we have that each of the sets
C% has Hamming distance at least 3¢ —2. Furthermore, the final
¢ equations ensure that the sets C4 can be decomposed into
¢ single deletion codes as required by the second condition
in Construction 10. Therefore, each of the sets C¢ forms a
code ng’n.

Notice that we can actually remove the first constraint since
if 7 €Sy, then Y./, 7; =0 in GF(n+1). Now, observe that
the cardinality of Cf, is given by ((n/€)!)". This follows from
a simple counting argument: we have n/¢ choices of elements
for each of the terms in the first period, n/¢ — 1 choices for
the elements in the second period, and so on. Next, we have a
total of (n+1)3¢=*(n/£)¢ choices for vector a. Then, applying
the pigeonhole principle, there must exist some a such that the
corresponding code C¢ = Cé’an has cardinality satisfying

((HnH*
C > —r
| 2€,n| (n+ 1)3[_4 (%)g

We now compare the cardinality of our codes to those of
the state of the art codes from [4] and [8]. Let Ay (n,t) be
the size of a code of length n over S, with Hamming distance
at least ¢. In [8], a construction was provided that produced
codes of Ulam distance ¢, length n, and cardinality at least
Afrsy(n,t) where

k

Apsm(n,t) = HAH ((;—I L %),

i=1

)

and k = |[log, #J. In [4], the codes from (2) were
improved upon and new codes of Ulam distance ¢, length n,

and cardinality at least Acy(n, t) were derived such that

(" ](3t+1)“_1’¥), 3)

where s = L#J and uj = Llogz %J for j € [0, s].

s uj

Acy(n,t) = ZHA

j=0i=1

2 2
2y

Let Apew(n,t) = . In this section, we

(n+1)3(t/2)—4(27n)'
have provided a construction for a code with Ulam dis-
tance ¢ and length n and showed that it must have at least
Apew(n, t) codewords. In the following lemma, we show that
Apew(n,t) > Apspy(n,t) and Ayep(n,t) > Acy(n,t) when
n is large and ¢ < 6. The proof can be found in Appendix A.

Lemma 14: For sufficiently large n such that n + 1 is a
prime, t12n, and t < 6, Aney(n,t) > Apsy(n,t) and
ANew(n,t) > Acv(n,1).

V. BASIC PROPERTIES OF PIDs

In this section, we consider some properties of permutation-
invariant deletions. We first revisit the previously introduced
model for PIDs. We also introduce the notion of permutation-
invariant insertions (PIIs), which will be necessary in the
sequel.

Recall from Definition 1 that a permutation 7 experiences ¢
PIDs in the positions set I C [n], resulting in the permutation
(m{,....7y_;) € Sy—y, if for all k € [n]\ I and i = k([),
n] = m(z(I)), where for a € [n] and I C [n], a(I) € [n]
is the integer a(I) = a — |{i € I : i < a}|. For convenience,
throughout the remainder of this paper, we will write 7’ as
m) 7, where the | indications deletions and Z is the set of
elements (not locations) to be deleted.

In particular, a permutation 7 = (7y,...,7,) € S,
experiences a single PID of the symbol 7 ; at position j € [n],
resulting in the permutation 7| (7} if

Togajy = @y W, T gs o5 ) € St 4)
where for 1 <i <n (i # j), we have
Ti, fr; <m;
=1 Fo )
m; — 1, otherwise.

For shorthand, we will write 7 7, = | (z;}.

For a permutation 7 = («y, ..., n,) € S,, it is straightfor-
ward to see that if (7;,,..., ;) is a decreasing vector (i.e.,
Ty > my > -+ >m;,) and Z = {m;, ..., n;}, then from (4),

(((”i,nil )¢,7r,-2) . (6)

Let Bp,(7) be the set of permutations resulting from ¢
PIDs in 7, i.e., Bp,(x) = {x| 7 : T C [n],|Z| = t}, where
1 <t < n. For shorthand, we will write Bp 1(z) = Bp(x).
Therefore, a code C is a t-PID-correcting code if for any
distinct 7,0 € C, Bp(xr) N Bp,(c) =0

Let us define the model of permutation-invariant inser-
tions (PIIs). We say that a permutation 7 = (7, ..., 7,) €S,
experiences a single PII of the symbol s € [n + 1] at position
j € [n+ 1], resulting in the permutation 7 75/ if

xS =(xf,..., @

')iﬂfz‘, =T, 7-

s7r yeros ) € Snls 7

Jl’
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where for 1 <i < n, we have
, i, ifr; <s
=
! 7 + 1, otherwise.
For example, if 7 = (3,1,4,2), then =132
4,3,1,5,2).

Let Bj(n) be the set of all permutations obtained by
applying a single PII to =, that is,

Bi(xr)={x"%/ :s, jen+1].

More generally, let By;(r) = {6 € Spts I3e©® =
7,0W, 6@ 60D 60 = 5) 6D e BicD), 1 <
i < t}, so that By,(7) is the set of permutations possible
given that ¢ successive single insertions occur to z. (Here,
o ® is formed by a single insertion into o@D for1<i< t.)
We say that a code C is a ¢-PII-correcting code if for any
w,0 €C, Br(m)NBr(c)=0

The following claims will be useful in subsequent deriva-
tions. Claim 15 is straightforward to verify. The proofs of
Claims 16 and 17 are included in Appendix B.

Claim 15: Let ¢ = (mwy,...,m,) € S,. Then, for any
jelnl, m = » )T’”-/’j. Similarly for any s, j € [n + 1]
T =(@h f)¢, .

Claim 16: Let 1 = (my,...,m,) € Sy, s,t € [n] and
suppose that s < t. Then (w5) -1 = (Ty,1)y,s-

Claim 17: Let ® € S, and j,k,s,t € [n+ 1] such that
s < t. Then,

o If j <k, then (n.Tsj)TtJrl K+ (n.Ttk)Tsj

o If j >k, then (n.TSj)TT-‘rlk (n-Tfk)TS]'H

o Ifj=kands <t, then (x5 N)HiFHLI = (g 1 67)1s.J+1

The last three claims will be useful in showing that, sim-
ilarly to the traditional setup of deletions and insertions in
vectors [18], there is also a duality between insertions and
deletions in permutations.

Lemma 18: For any m,0 € S,, Bp(x)NBp(o) # @ if and
only if By(w) N B;(c) # 0.

Proof: We first prove that if Bp(z) N Bp(c) # @ then
Bi(mr)NBi(o) # 0. Let 1 € Bp(zr) N Bp(o) so there exist
Jj>k € [n] such that Tz = Ol = T. Notice that from
Claim 15, 7 = t»%»/ and ¢ = ¢ 7%k Assume without loss
of generality that 7; < ox. We first consider the case where
Jj < k. From Claim 17, we conclude that

n.T,D'k+1,k+l (‘[T STy ])T ,ok+1,k+1 __ (‘[T ,0k» k)T n,]_o_T 71,]
and thus B (z) N B (o) # 0.
Now, suppose j > k, where, as before, 7; < 0. From

Claim 17, we have

TUk+1]_(TT7T/j)TO'k+1k (_[Takk)Tn,]Jrl_o_T;r, j+1
and so B;(r)NB;(c) # @ in this case as well. Now suppose
J = k. First notice that if j = k and 7; = oy, thenm =0
and so the result trivially holds. Therefore we assume z; < oy
and j = k. Then from Claim 17, we have (¢ -7i-/)Toctli =
(¢ Toeiytmi i+l and again Bj(z) N Bi(o) # @. Therefore,
Bi(r) N B;(o) # @ in all cases, as desired.

Now we prove that if By(z) N Bj(o) # @ then Bp(zr) N
Bp(o) # @. Let 8 € B;(z) N Bi(o) and thus there exists
Jj,k,s,t € [n+ 1] such that

atsi =gtk =9 =(@,...,0041).

Recall that from Claim 15, we have 7 =0y and 0 =0 ;.
First, if s = ¢, then j = k. Furthermore, if j = k and s = ¢
then 7 = ¢ and the result is straightforward.

Next, suppose, without loss of generality, that s < z. From
Claim 16,

1=, 5),-1 =05 =05

By the assumption s < ¢, we have s, (t — 1) € [n], and thus
we showed that Bp(z) N Bp (o) # @, as required. [ |

The next theorem generalizes the previous result.

Theorem 19: For any w,o € Sy, Bp (@) NBp (o) # D if
and only if B (z) N B (o) # 0.

Proof: We first show by induction on ¢ that for all n if

Bp,i(w) N Bp,(o) # 0 for r,0 € S,, then there exist ¢ — 1
permutations /", ..., ¢~V ¢S, such that

Bp(Dyn Bp(z Dy £ ¢,

for 0<i <t—1, while t© =7 and ® = 0.

It is clear to see that the claim holds for all n if r = 1. Let
us assume that the induction assertion holds for some ¢t > 1
and we will prove its correctness for t + 1. Let 7,0 € S, be
such that Bp ;+1(x)NBp +1(c) # ¥. According to (6), there
exist ', 6’ € S,_1 such that #’ € Bp(x), ¢’ € Bp(c) and

Bp,(x') N Bpi(c)) # 0.

According to the induction assumption there exist ¢ — 1
permutations 7'V, ..., z/¢=D €S, _, such that

Bp(c'Dyn Bp(z'Dy £ ¢,

for 0 <i <t —1, while z/©@ =7’ and r'® = ¢’. According
to Lemrna 18, for 1 <i < t, there exists t/®) ¢ S, such that

v € By n By (x'D).

where
1 <t.

Therefore, we have ¢ permutations (1, ... ¢ ®),
according to Claim 15, /=D, /@) ¢ BD(I(’)) for 1<
In particular, for 1 <i <t — 1,

7D e Bp(D N Bp (D),

and thus Bp(z®@) N Bp(rtD) £ ¢. Note also that 7’/ =
70 e Bp(z) and ¢’ = ') € Bp(o), and thus, if we let
1@ =7 and £ D = 5, then Bp(z V)N Bp(z+D) £ ¢ for
0<i<e.

By a similar induction it is possible to show the oppo-
site property. Namely, if there exist + — 1 permutations
M, 0D ¢S, such that Bp(zD) N Bp(zW+D) £ g,
for0 <i <t—1, while 1© = 7, then Bp.:(m)NBp (o) # .

The same assertion holds for insertions. That is, for all ¢
and n By (z)N B (o) # ¥ for m, 0 €S, if and only if there
exist + — 1 permutations 1(1), e, =D ¢ Su, such that

Br (V)N By (D) £ ¢,

for0<i<t—1,while @ =7 and 1@ =¢5.
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Lastly, since single insertions and deletions are equivalent
(Lemma 18), we deduce that Bp ;(x) N Bp,(c) # @ if and
only if B; () N Br: (o) # 0. ]

The next corollary follows directly from Theorem 19.

Corollary 20: For all t > 1, C is a t-PID-correcting code
if and only if it is a t-Pll-correcting code.

VI. BoOouNDSs ON PII/PID BALLS

In this section, we establish a relationship between our
notion of PIIs and PIDs and the theory of permutation patterns.
We quote certain results from the existing literature on permu-
tation patterns; these results compute the sizes of PII and PID
balls. Based on these results, we then produce an asymptotic
upper bound on the size of a code that is capable of correcting
a single PID.

There is a wealth of literature on the subject of permutation
patterns, e.g., [16], [21]. Most works are concerned with
determining which permutations, of any length, avoid certain
small permutations. Here, by avoid, we mean that a permuta-
tion must not have any positions whose ordering induces the
smaller permutation. A related problem was recently studied
by Homberger [10]. This work introduces a series of results
regarding the number of permutations patterns contained in
larger permutations of fixed size. These results are quite useful
for the study of PIIs and PIDs. We cite several theorems from
this work. First, we define the concept of consecutive runs:

Definition 21: For a permutation ©1 = (xy,...,%Ty) € Sy,
a consecutive run is a substring of maximal length in ©
that contains consecutively valued symbols, increasing or
decreasing.

For example, if # = (1,5,4,3,2) € Ss, then = has 2
consecutive runs: (1) and (5, 4, 3, 2).

In general, we note that the size of the PID ball Bp(x)
depends on the permutation 7. However, this size can be
characterized solely as a function of the number of consecutive
runs in 7. Following [10], we also introduce the notion of
permutation bonds. We say that a pair of consecutive elements
(vi,vi+1) in a vector v (1 < i < n— 1) is a bond if
lv;i — vi+1| = 1. Observe that a consecutive run of length
k in a permutation is made up of k — 1 bonds.

Note that if 7; and 7z are part of the same consecutive run
in 7, deleting either 7 ; or m; will yield the same permutation.
That is w| z; = 7}, z,. For a permutation = € S,, we denote
by R(7) the number of consecutive runs in 7 and by C(x) the
number of bonds in 7. Using these observations, the following
result immediately follows from [10, Th. 6].

Theorem 22: Forallm € S, |Bp(x)| = R(r) =n—C(x).

Before we proceed to derive our upper bound on the max-
imum PID-correcting code cardinality Ap;p(n), we briefly
discuss the subject of insertions. Recall that when working
with sequences, the size of insertion balls does not depend on
the sequence x, as shown by Levenshtein in [18]. Surprisingly,
the analogous result does not hold for permutations. That is,
in general, the size of the ¢-PII ball |B;,(x)| is a function
of m. However, in the single PII case + = 1, the PII ball
size |By(x)|, does not depend on the permutation 7. We have
the following simple formula, given in [10]: For all # € Sy,
\Br ()| = n® + 1.

The case t = 1 is the sole case where the PII balls are of
equal size. We have that, for example, |B; (1, 2, 3, 4)| = 207
while |Bj2(1, 3,4,2)| = 208. The following table illustrates
how different permutations of length 4 may have different size
PII balls for ¢ > 1 [3]:

; g (1,2,34) | (1,3,24) | (1,34,2)
1 17 17 17

2 207 207 208

3 2279 2278 2300

We are ready to proceed with our computation of the upper
bound on Ap;p(n). Ideally, we would first like to compute
the number of permutations 7 € S, with r consecutive
runs, so that R(z) = r. However, it turns out that this is a
challenging quantity to compute. Using an approach similar
to the Goulden-Jackson method [22], Homberger derives a
generating function for the number of permutations with k
bonds in [10]. Let a, x be the number of permutations = € S,
which contain exactly k bonds. We set ap,o = 1. Then,

0 222 —1) \"
Zzan,kz uk=Zm!(z+#u_l)) .

n>20 k>0 m=0

Since R(w) = n — C(x), in principle, we could obtain our
desired values from the generating function above. However,
working with this function is quite difficult. Instead, we will
rely on an upper bound. We introduce some useful terminol-
ogy. For positive integers n, r where » < n, define

F(n,r)= (n—l

. l) . 2min{r,n7r} . r!. (8)

Lemma 23: The number of permutations in S, with r
(1 < r < n) consecutive runs is at most F(n,r).

Proof: Consider the set of permutations in S,, that contain

r consecutive runs. We proceed by over-counting this quantity.

We first partition the elements from [n] into r consecutive runs.

This is equivalent to computing the number of solutions to the

problem Z;’=1 tj =n, where t; > 1 and each ¢; is an integer.

There are ('r’j) such solutions.

If r < % then there can be at most » consecutive runs of
length greater than one. Each consecutive run can be either
increasing or decreasing and so there are at most 2" ways to
re-arrange the numbers within each consecutive run. If r > 5
then there are at most n —r consecutive runs of length greater
than one. In this case there are 2"~" ways to re-arrange the
numbers within each consecutive run. Then, if we permute
each (block of symbols that constitute each) consecutive run

we have at most
(l’l — ;) . 2min{r,n—r} r
r—

permutations in S,, with r consecutive runs. [ ]

To simplify the notation, we assume that n is a power of two
so that the floors and ceilings can be dropped for convenience.
We assume that all log functions are base 2.

We also need the following claim and lemma.

Claim 24: For 2 <r <n—log(n), F(n,r — 1) < F(n,r).
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Proof: 1t is easy to see that F(n,r — 1) < F(n,r) is
equivalent to the statement
r—1 ; i
. 2m1n{r71,n7r+1} < 2m1n{r,n7r} .r 9
n—r+1 = ®

We proceed by casework. First, if r <n —r, thenr — 1 <
n—r—1<n—r+1,so (9 reduces to n:r+1 < 2r. The
left-hand side is smaller than 1, so this inequality clearly holds
for r > 2.

The next case is ¥ = n —r + 1. Then, r > n — r while
r—1<n—r+1.(9 now reduces to n:ll Lt Ly
Sincen —2r+1=0and n —r +1=r, (9) is equivalent to
rr;zl < 1, which is true when r > 2.

Finally we have the case r > n —r + 2. Since n—r<r
andn—r+1<r—1, wemustshowthat +1'2<r,or,
equivalently, 2(1—1) < (n—r+1). Now, (n— r+1) log(n)+
1 > 2 forn > 2, so, since r < n — logn, the result holds. W

Lemma 25: For n > 4, the number of permutations

in S, with at most n — log(n) consecutive runs is at
n!(n—log(n))*
(log(m))!

Proof: From Claim 24, the maximum number of permu-
tations in S, with no more than n — log(n) consecutive runs
is at most Zn log(n) F(n,r) < Z" log(m) F(n,n — log(n)).
Substituting the expression for F(n, n —log(n)) from (8) gives
that there are at most

most

(n —log(n)) - (n B l’(l)g_(nl) B 1) 218 (7 — log(n))!
_ nl(n — log(n))?
~ (log(n))!
permutations in S, with at most n — log(n) consecutive
runs. [ |

Now we are ready to apply the preceding results to state
the main theorem in this section. Using a similar approach as
in [18], we provide an upper bound for the maximum size of
a single-deletion-correcting code A pjp(n).

Theorem 26: For any 0 < € < 1 there exists an N, such
that for all n > Ne, with n a power of two, Apip(n) <

!
i Togany (1 +€)-

Proof: Suppose C is a single PID-correcting code over S,,.
Let S ={r €S, : |Bp(n)| > n —log(n)}. We first consider
an upper bound on |C N Sy|. Since for all # € C N S; the sets
Bp(r) C S, are disjoint, and since |Bp(z)| > n — log(n),
we get,

—1)!
cnsi< Ao
— log(n)

Let S ={x €S, : |Bp(x)| < n—log(n)}. Clearly, IcnN
S>| < |S2| and from Lemma 25, |S>| < %. Thus, we
have

(n—1)! n!(n — log(n))?

Cl=1ICNnS CNSl <

IC] = | 1+ 2 7 — log(n) (og(n))!

_ n! ( n(n — log(n))S)
n(n —log(n)) (log(n))! )

We conclude that Ap;p(n) <

n(n—log(n))*
(log(n))!

n(n—log(n))?
n(n— log(n))<l+ (log(n))! )

Lastly, since lim,,_, oo = 0, there exists an N, such

that for all n
as desired.

> N, we have Ap;p(n) < )(1 + 6)

n(n— log(n)

VII. CODE CONSTRUCTION

In this section, we introduce an asymptotically optimal
construction of single-PID-correcting codes. We prove the cor-
rectness of the construction and discuss a decoding algorithm.

A. Permutation Matrices, Signatures, and Runs

A permutation matrix is a square binary matrix such that
in each row and each column there is precisely one 1. For a
permutation 7 = (71,...,7,) € S,, the permutation matrix
of w is a permutation matrix M = f(z) such that M;; =1
if j = z;. Notice that if M is an n X n permutation matrix,
then there exists a unique permutation 7z such that M = f ().
Hence, the mapping f is invertible. We denote its inverse by
£~ and write f~!'(f(x)) = . The next claim follows from
Definition 1.

Claim 27: For w € Sy, the matrix f(z | z;) is the result of
removing row j and column r; from f (m). Furthermore, if
row j and column m; are removed from f(x) thus resulting
in M', then |z, = i w.

Recall the mapping known as the signature, which was
previously introduced in Section IV-C. For convenience, we
restate the definition. For y € [m]", the binary length-(n — 1)
signature a(y) = (a(¥)1,...,a(y)n—1) is defined as follows.
For1<i<n-1,

L, if yit1 2> yi
o(y); = 10
)i [O, otherwise. (10)
Recall that for a permutation 7 = (71,...,7,;) € S,, the

inverse permutation 7 ~! = (nl_l, cee, ﬂn_l) € S, is such that
for i € [n], ni_l is the location of the element i in z. It is
straightforward to verify that the permutation of the transpose
of f(x) corresponds to the inverse permutation for 7. In other
words, we have f(z~!) = (f(x))". For shorthand, we will
refer to the signature of the inverse permutation as the inverse
signature. The next example illustrates a signature and an
inverse signature.

Example 28: Suppose # =
a(z) = (1,1,0,0). Furthermore, 7 !
and a(z~1) = (1,0, 1, 0).

We are now ready to prove the following lemma.

Lemma 29: For w € S,, we have (7T¢,7Tj)_1 = (ﬂ_1)¢,j.

Proof: From Claim 27, if the symbol x; (where j €
[n]) is deleted from 7z, then the permutation matrix f(x i:”j)
is the result of removing row j and column z; from f(x).
Alternatively, we can obtain (f (7 » j))T by removing row = ;
and column j from (f(x))”. From Claim 27, removing row
m;j and column j from (f (7)) corresponds to the deletion
of symbol j from z ! since f~'((f(z)T)==n""1. [ |

In the following, if x € GF(2)" is a binary vector, we
denote by Bp(x) the set of all possible vectors obtainable by
deleting one bit from x.3

(193’594,2) [S SS Then
= (1’592’493) € SS

3That is, this is a deletion ball resulting from a single deletion to a binary
sequence.
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If a symbol from a permutation 7 is deleted, then a bit
from its signature, a (), is deleted as well. That is, a(7 x) €
Bp(a(r)). Hence, an immediate consequence of Lemma 29
is the following.

Corollary 30: Let ® € S, and j € [n]. Then a(z | z;) €
Bp(a(n)) and a((z}.;)"") € Bp(a(z ™).

A binary code is called a binary single-deletion-correcting
code if it can correct any single-bit deletion. As a result of
Corollary 30, in the next subsection we will leverage binary
single-deletion-correcting codes which will be invoked over
the signature and inverse signature of permutations in order to
construct single-PID-correcting codes for permutations.

In the rest of this subsection, we define runs in permutations
and binary sequences and present a claim that will be useful
in the next subsection.

Definition 31: For a binary sequence s, a run is a maximal-
length substring of s that is all-zero or all-one. For a permuta-
tion m, an ascending run is a maximal substring of T whose
values are increasing and a descending run is a maximal
substring of @ whose values are decreasing. A substring of ©
is a run if it is an ascending or a descending run.

Example 32: Continuing with the setup from Example 28,
let 7 = (1,3,5,4,2) € S5 and a(z) = (1,1,0,0). Notice
that the signature of a permutation reflects the structure of the
runs in the permutation. For example, the first three symbols
in 7 comprise an ascending run and so the first two symbols of
o(m) are ones. Similarly, the final three symbols in 7 comprise
a descending run and so the final two symbols in a(x) are
Zeros.

The following claim is straightforward to verify.

Claim 33: Consider a permutation ©# € S, where n > 2
and its signature o.(rt). There is an ascending run starting at
position i and ending at position j+1 in © if and only if there
is a run of ones starting at position i and ending at position
j in a(xw). Furthermore, if a(o) can be obtained by deleting
a 1 from the run in a(n) which begins in position i and ends
in position j of a(x), then we can conclude that there exists
a permutation ¢ = m y where x is at position k in © and
i <k < j+ 1. A similar statement holds for descending runs
and a deletion of 0.

B. Code Construction

Let us first review the binary single-deletion-correcting code
we will use in our construction. Namely, the code from [18],
initially introduced in [25], known as a Varshamov-Tennegolts
code (VT code), is defined as follows. For a positive integer
n>2anda € Zyq, CFis the code C¢ = {x € GF(2)" :
> yixi=a modn+ 1}.

Lemma 34 (See [18], [25]): For any integern > 2 and a €
Zn+1, the code C¢ is a binary single-deletion-correcting code.

We are now ready to present our code construction of single-
PID-correcting codes over permutations.

Construction 35: Given an integer n > 2 and ay, ay € Zy,
let

cir2 =g eS,a(x) el a@ ) ec,}. A
We first comment on the cardinality of the codes C,"“.

Recall from the previous section that A p;p(n) represents the

Algorithm 2 DECODE

input : the retrieved permutation ¢
output: the deleted symbol x

compute a(c) and a(c ') from o}

a(r) «<— VIDEC(a(0));

d <— deleted element of a(x);

i «<— start of run of deleted element in a(x);
Jj <— end of run of deleted element in a(x);

a(r~") «— VIDEC(a(c7"));

e <— deleted element of a(n_l);

p <— start of run of deleted element in a(z ~!);
g <— end of run of deleted element in a(z ~');

10if d =1 and e = 1 then

—

wm A WN

e e 9

n | S<—{oi,....o;}n{p,....q};

12 | if S =0 then

13 if 07! (q) <i thenx <« g+ 1;
14 else if ! (p) > j then x <— p;

15 else Find x € {p+1,...,q} such that
c'x—1) <iand o' (x) > j;

16 | else x <— min S;

17 else if d = 1 and ¢ = 0 then

18 | if 67! (p) <i then x < p;

19 | elseif 67! (g) > j then x < g+ 1;

20 | else Find x € {p+1,...,q)} such that 6 ~! (x) < j
and o~ (x — 1) > j;

21 else

22 ..+ /* Essentially similar to the case
of d=1 */

23 end

maximum cardinality of a single-PID-correcting code. Note
that the codes C"** for ay,ay € Z, partition the space S,
into n? mutually disjoint codes. Hence, if we denote by R(n)
for n > 2 the maximum cardinality of a code according to
Construction 35, that is, R(n) = maxy, 4,e7,{1Ci'" |}, then
applying the pigeonhole principle gives the following.

n!
n

Then, applying our bound on Ap;p(n) from Theorem 26
yields the result,

Corollary 36: Construction 35 is asymptotically optimal,
that is,

. R(n)
lim ——— =1
, n—cc Aprp(n) ,
We continue by proving the correctness of Construction 35.

The decoding algorithm for the construction is presented as
Algorithm 2. We show that Algorithm 2 can correct a single
PID. For simplicity, for a permutation o, we use x <, y if
and only if ¢! (x) <o ~1 (y).
Theorem 37: Forn > 2 and a1, ar € Zy, the code Cp"*“* is
a single-PID-correcting permutation code.
Proof: Suppose that 7 € Cp"“ and that 0 = 7, for
some x € [n]. We show that 7 is uniquely identifiable from o.

To do this, we first identify the runs in ¢ and o~ ! from which
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elements were deleted and show that there is a unique way to
increase the length of these runs by an insertion in a consistent
way.

Let k denote the position of x in z, that is, we have 7 =
o 1%k From the received permutation o, we compute « (c).
Corollary 30 implies that a (o) € Bp(a(x)). Using a decoder
for a VT code, we find a (z) from o (o) since there is a
deletion that converts o (7) to « (¢). By comparing a () and
a(c), we find the run endpoints i and j of Claim 33. Hence,
Ti, Ti+1, ..., Tj+1 formarunin 7. Without loss of generality,
assume that this run is an ascending run, or equivalently, the
deleted element in a(7) is a 1. Thus, by Claim 33, 7 = o ok
such that

i <k<j+1, (12)
o; < 0jy1 <--- <0y, (13)
x Loy iffk<mformedi,...,j} (14)

By Lemma 29, we have ¢! = (n’l)ijk and 7~! =

(U’I)T’k’x. We thus may apply Claim 33 to 7 ~!. Let the
corresponding values of i and j of the claim be denoted by p
and g, respectively, for this case. The claim implies that the
substring n;l, n;il, oLk, 7Z'q_1, 7rqji1 is a run in 7!
and that p <x <g+1.

The values of p and ¢ can be determined from o (a_l)
as follows. By Claim 33 and using a decoder for a VT
code, we find a (7 ') from a (o) since there is a deletion
that converts a (71'_1) to a (a_l). We then find p and ¢ by
comparing a (7 ') and a (¢ 7").

Now we have determined the ranges of possible values for
x and k. We use the combination of these ranges to specify x
and k.

There are two different cases depending on the deleted
element of a (7 ') being a 1 or a 0. We only consider the
former case; the latter follows using the same idea. Suppose

that a 1 in a run of Is in a (z~!) is deleted. We have
—1 -1 1

T, <7rp+1<~~<k<~~<7rq* <7rqj:1andthus
x € {p,p+1,...,q+1}, (15)
P=<spt+1l=<s- <54, (16)
k<o 'y iffx<yforye{p,....q}, (17)

where p <, p + 1 denotes that the symbol p appears before
the symbol p+1 in the permutation . Let S = {0y, ..., 0;}N
{p,...,q}. Suppose S is empty. Because o;,...,0; is an
increasing run in ¢ and p,p + 1,...,q is an increasing
subsequence in o, we have that one of the following cases
holds: a) 6~ ' (¢) <i;b) o' (p)> jiorc)o ' (z—1) <i
and 67! (z) > j for some z € {p+1,...,q)}. Note that if
cases @) and b) do not hold, then ¢ > p and so the set
{p+1,...,q} used in case C) is nonempty.

We consider each case separately: First, in case a),
from (12), we have 6! (¢) < k, which using (17) implies
that x > g¢. From (15), we find x = g + 1. Next, in
case b), similarly to case a), from (12), (17), and (15), we
have x = p. Lastly, in case C), from (12) it follows that
o6 ' (z—1) <k <o~ '(z). Using (17), we find that x = z.
Hence, we can identify x if S is empty. Having identified x, we

can find the unique position k in {i, ...
condition (14).

Now suppose S is nonempty and take u to be the smallest
element in S and v to be the largest element in S. From (13)
and (16), it is not difficult to show that every integer between
u and o is also in S, i.e.,

, j + 1} that satisfies

S={u,u+1,...,0},

and that the elements of S form a consecutive run in ¢. Based
on (12)—(17), it is straightforward (but tedious) to see that the
set of possible values for x is exactly {u,u+1,...,0,0 4+ 1}
and that k = o '(x) if u < x < v and k = o' (v) + 1 if
x = v + 1. Furthermore, with the aforementioned values for
x and k, the resulting permutation o 7K is the same; it is a
permutation in which the length of the consecutive run formed
by the element of S is increased by 1. Thus 7z is determined
uniquely. [ ]

We illustrate the preceding proof by the following example.

Example 38: Consider the code Cg"“?, where a; = 0
and a» = 2. Suppose the stored codeword is = =
(7,4,5,6,8,2,1,3) € Cg’z, and the retrieved permutation is
o =m,5=1(6,4,572,1,3). The decoder is given o, aj,
and ap, and from these it computes

a(e) = (0,1,1,0,0, 1),
a(@™") =(0,1,0,1,0,1),
and D"

az’
a(n) = (()9 1’ 1) 1’0) O’ 1)’
a(x™) =(0,1,0,1,1,0,1).

and, using the decoders Dy computes

We thus have i =2, j =4, p =4, and ¢ = 5. Furthermore,
S ={4,5,77Nn{4,5} = {4,5}, implying that x € {4,5, 6}.
Hence, the possible pairs of values for (x, k) are (4, 2), (5, 3),
and (6,4). Note that 7 = ¢7*2 = ¢153 = 1:64 and so
the decoding is successful.

VIII. CONCLUSION

In this work, we explored the problem of dealing
with erasures and deletions in rank modulation systems.
Specifically, we gave four error models: symbol-invariant
erasures (SIEs), permutation-invariant erasures (PIEs),
symbol-invariant deletions (SIDs), and permutation-invariant
deletions (PIDs). These models select between erasures and
deletions and between symbol-invariance, where unaffected
symbols do not change value, and permutation-invariance,
where these symbols change value in such a way that the
final result remains a permutation. We showed that for the
SIE model, codes over the Hamming metric are sufficient.
Next, we showed that the SID and PIE models are equivalent
and related by permutation inverses. In addition, we proved
that the Ulam distance is the appropriate metric for correcting
SIDs or PIEs. Furthermore, we gave a new construction of
codes in the Ulam metric that, in certain cases, has larger
cardinality than the best-known codes.

We also studied the more difficult model of PID errors.
We gave the basic properties of such errors and showed
that certain aspects of PIDs are equivalent to problems
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in permutation patterns. We computed an upper bound
on the size of the largest code capable of correcting a
single PID. We then introduced an asymptotically optimal sin-
gle PID-correcting code construction along with an associated
decoding algorithm.

Lastly, we note that most of our results are asymptotic and
the study of these codes for smaller length is left for future
research.

APPENDIX A
PROOF OF LEMMA 14

We first revisit some notation from Section IV-C before
proceeding to the proof of the lemma. Let Ay (n,t) be the
maximum size of a code of length n over S, with Hamming
distance at least ¢. Recall from Section IV-C,

k

Apsm(n,t) = HAH ((;—‘ -1, %),

i=1

(18)

where k = [log, 575+, and
n—j@r+1 3t
Acy(n,1) = ZHAH ((Jiﬂ ~1, 5), (19)
j=0i=1

where s = L#J and uj = Llogz %J for j € [0, s],
and

(Rl
(n+1)2~4Qn/0)2

ANew (n, t) =

Lemma 14: For sufficiently large n where n + 1 is a prime,
t12n, and t < 6, Anew(n,t) > Apsp(n,t) and Aney (1, t) >
Acy(n,1).

Proof: Clearly Acy (n,t) > Arsy (n,t) and so we only
need to prove that Apye,(n,1) > Acy(n,t) for appropriate
values of n and .

Since logm! > mlog (m/e), we find

2n 2n
log Ayew (n, 1) = I\ log;

3t t 2
— (? — 4) (log(n + 1)) — 3 log Tn

1
— nlogn —nlogg +O0(ogn).  (20)

From [9, Th. 4], we have

m!
(u— D"

Using this upper bound on Ay (m, u), we find

AH(m’ u) <

Llog 57 /34—1 ]

I1

i=1

[z — 17!

ACV(n,t)én m .

Thus,

Llog 3,/§+1 ]

Z log ((21) ) 4+ O(logn)

i=1

IOgACV(n, t) g

llog 5777 _ _
< Z log (v 271'6?1(?1/21)”/2’67”/2’)
i=1
+ O(logn), (21)

where we have used m! < +2mem (m/e)" (for large
enough m) we drop floors and ceilings for convenience.
We use (21) to write

Llog 3:/’zl+1 ] Llog 3z/§+1 ]

Z glgi— Z 2lloge

i=1 i=1
+0 ((log n)2)

log 577557

<>

i=1

IOgACV(I’l, t) g

n .
E(logn —i)

Llog 57
—nloge Z 27"+ 0 ((logn)z)
i=1
llog 577577 llog 577577
2. 2T -n 2
i=1 i=1
llog 7577
—nloge z 27"+ 0 ((logn)2>.

i=1

=nlogn 27t

Since log 57 —1 < Uog 5y57) < log 577257 Y27 =
1—-27% and 37;_;i27" =2 — (2+4x)27*, where the latter
two expressions hold for any positive integer x, we have

" — 6t
3t+2

—nloge +3tloge+ O ((log n)z)

3t+2
logAcy(n,t) < nlogn (1 — 2+ )
n

— ((Z(n —2)—(3t+2)log

=nlogn — (2+1loge)n+ O ((logn)z).

From this and (20), we bound the difference between code
sizes as

8
10g Aew (1, 1) — log Acv (n. 1) > nlog ~ + O ((logn)’?).

Recall that by construction, (19) holds when ¢ is even. Hence,
log Ayew(n,t) —logAcy(n,t) > 0 for n sufficiently large
when t < 6. |

APPENDIX B
PROOFS OF CLAIMS AND LEMMAS FROM SECTION V

Claim 16: Let ¢ = (wy,...,m) € Sy, s,t € [n] and
suppose that s < . Then (7| s) | -1 = (T}.1) s

Proof: Suppose s = 7z and t = m; where j,k € [n]
and for now we assume that j < k. From (4), we can write
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o =m| z; where 0 = (01,...,0j-1,0+1,...,04) € Sy—1,
and the elements o; for 1 < i < n (i # j) are such that
o; = m; if 7; < s and 6; = w; — 1 otherwise. Since ¢ > s, the
symbol (¢ — 1) appears in position (k — 1) in ¢. Thus, we can
write 0@ = () §)|.1—1 = 0| z,—1 = 0.5, Where
2 2 2 2 2 2 2
c@ = (al( )50;21>0;J315-~-’01531>0154315-~-’”r5 )) €S,_2,
and for 1 <i <n,
i, ifr; <s

a-(z) = 1,

= ym - ifs <m <t

w; — 2, otherwise.

Let ¢ = T = (Cl, vy Chk—=15Chk41s - - ,Cn) € S,_1, and
the elements ¢; for 1 <i < n are such that (; = x; if 7; <t
and {; = m; — 1 otherwise. Since t > s and j < k, {j = 5.
Under this setup, it follows that ¢} s = (1y,);s = 6@ =

(7),5) 4,01
The proof for the case where j > k is identical and so the
details are omitted. ]

Claim 17: Let # € S, and j,k,s,t € [n + 1] such that
s < t. Then,

o If j <k, then (z1-5:7)T LA — (g 1.0k b

o If j >k, then (z1-5:7)T LK = (g 1.0kt i+l

o If j=kands < ¢, then (zT57)1i+1i = (z 168 4]

Proof: We first show that for the case where j < k,

(z TSNt LkEL — (g 1Ky 5.) From (7), we can write o =
s = (gq,..., 0j—1,8,0j4+1,...,0n) € S,41 where for
1<i<n wehave g; = n; if r; < s and 0; = 7; + 1
otherwise. Thus, since j < k and s < 7, we can write @ =
(7 T,s,j)T,tJrl,kJrl = g Hi+LAk+l where

6@ =@©? ...0%.50P oL+,

O'k(z), e 0,52)) € Sp+2,
and for 1 <i < n,
T, ifr; <s
al-(z)z o +1, ifs<m <t
w; + 2, otherwise.
Repeating similar steps, ¢@® = (zhths =

PAENIYRARECR

We now consider the case where j > k. In this case
let j/ = k and k' = j. Then we need to show that if
j < K, then (xMSK)yNHLS" = (1)KL Using
similar ideas as before we can write ¢ = 'tk =
&1y s T =155, ks -+ -5 Cn) € Spg1 where for 1 < i < n, we
have ¢; = x; if & < s and ¢ = 7; 4+ 1 otherwise. Then, since
j/ <k ands <t, we have (@ = oM HLJ" = (g hs Ky hrtL)!
where

2 2 2
C(Z):(C]( )9'-', ;/zl’t"i_l,cj(/)’
2 2
k(/ll,s,c(/),...,é‘n(z))GSnJrz,
and for 1 <i < n,
T, ifir,' <Ss
@ _ . . _
GO = 1w+, ifs<m <t

m; + 2, otherwise.

Repeating similar steps, we have ¢ = (7tT°t°j/)T°s’kurl =
(x Sk YD+

We now consider the case where j = k and s < ¢. Then
we can write 7 = (z 5/)T+1LJ where

T=(t1,...,Tj—1,t+ 1,8, 7j,...,T) € Sut2,

and for 1 <i < n,

i, if r; <s
=7 +1, ifs<m <t
m; +2, otherwise.
Since 7 = (z TS )MHLS = (z15/)150+1 ] the statement in
the claim holds. [ |
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